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NORMALIZED SOLUTIONS FOR A SYSTEM OF COUPLED 
CUBIC SCHRODINGER EQUATIONS ON 


THOMAS BARTSCH, LOUIS JEANJEAN AND NICOLA SOAVE 


Abstract. We consider the system of coupled elliptic equations 

— Au — Xiu = fiiu^ + . 3 

n ry in M , 

-Au — A2U = 

and study the existence of positive solutions satisfying the additional condition 


/ ^ 

7 r 3 


and 


/ 


Assuming that ai,a 2 ,Mi 5 M 2 are positive fixed quantities, we prove existence 
results for different ranges of the coupling parameter ^ > 0. The extension to 
systems with an arbitrary number of components is discussed, as well as the or¬ 
bital stability of the corresponding standing waves for the related Schrodinger 
systems. 


1. Introduction 


This paper concerns the existence of solutions (Ai, A 2 , u, u) x H^{ 
to the system of elliptic equations 


( 1 . 1 ) 


I —Am — Aiu = ^iM^ + l3uv^ o 

< , „ in M , 

I— Am — X2V = + fiu V 

satisfying the additional condition 

(1.2) / v? = a\ and / = a^. 


One refers to this type of solutions as to normalized solutions, since (1.2) imposes 
a normalization on the L^-masses of u and v. This fact implies that Ai and A 2 
cannot be determined a priori, but are part of the unknown. 

The problem under investigation comes from the research of solitary waves for 
the system of coupled Schrodinger equations 


(1.3) 


= A$i + + /3|$2p$i 

= Afb- ' '•-Ia.u 2 .ft_ I «ia..|2 




/3|$i|^$2 


having applications in nonlinear optics and in the Hartree-Fock approximation for 


Bose-Einstein condensates with multiple states; see 13 29 . 
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It is well known that three quantities are conserved in time along trajectories of 


(1.3): the energy 




II 


and the masses 




|<i)ip and / |<i) 2 p- 


13 




A solitary wave of (1.3) is a solution having the form 
$i(t, a;) = e~^^^*u{x) and <i> 2 (^,a:) = 


for some Ai,A 2 G M, where {u,v) solves Two different approaches are pos¬ 

sible: one can either regard the frequencies Ai,A 2 as fixed, or include them in the 
unknown and prescribe the masses. In this latter case, which seems to be partic¬ 
ularly interesting from the physical point of view, Ai and A 2 appear as Lagrange 
multipliers with respect to the mass constraint. 

The problem with fixed A^ has been widely investigated in the last ten years, 
and, at least for systems with 2 components and existence of positive solutions (i. e. 
u,?; > 0 in K^), the situation is quite well understood. A complete review of the 
available results in this context goes beyond the aim of this paper; we refer the 


11,21 22,25 27,30 36,37 38,39 41,42 and to the 


interested reader to 
references therein. 

In striking contrast, very few papers deal with the existence of normalized solu¬ 
tions. Up to our knowledge, the only known results are the ones in [^ [M|[M|[40] . 
In 


34 


the authors consider in bounded domains of , or the problem with 
trapping potentials in the whole space (the presence of a trapping potential 
makes the two problems essentially equivalent), with N < 3. In both cases, they 
proved existence of positive solutions with small masses Oi and 02 , and the orbital 
stability of the associated solitary waves, see Theorem 1.3 therein. It is remark¬ 
able that they can work essentially without assumptions on /ri,/r 2 and /3. The 
requirement that the masses have to be small gives their result a bifurcation flavor. 
In 32p0 the authors consider the defocusing setting /xi, ^2 < 0 in regime of compe¬ 
tition /3 < 0 in bounded domains. In the defocusing competitive case /ii,/i2,/3 < 0 
existence is an easy consequence of standard Lusternik-Schnirelmann theory be¬ 
cause the functional is bounded from below. Supposing that all the components 
have the same mass, they prove existence of infinitely many solutions and occur¬ 
rence of phase-separation as /3 —>■ — 00 . Concerning [^, we postpone a discussion of 
the results therein in the following paragraphs. 

In the present paper we address a situation which is substantially different com¬ 
pared to those considered in the papers [^[^[io] . We study system (1.1) in in 
the focusing setting /xi,/X 2 > 0, so that the functional is unbounded from below on 
the constraint. We prove the existence of positive normalized solutions for different 
ranges of the coupling parameter /3 > 0, without any assumption on the masses 
Oi, 02 . Our approach is variational: we find solutions of (1.1)-(1.21 as critical points 
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of the 

energy functional 

(1.4) 

J{u,v) = / 


7r3 

\2 

on the 

: constraint Ta^ 


(1.5) 


Ta:= 


/^1 4 

T" 


/ ( 


^IV7 |2 4 

2l^^l - 


P f 2 2 

- 2 / “ ^ ’ 
z ./llJ3 


a € K we define 


2 2 
u = a 


The main results are the following: 

Theorem 1.1. Let ai, 02 ,/r-i,/i 2 > 0 be fixed. There exists /3i > 0 depending on at 


and fii such that if 0 < /3 < j3i, then has a solution (Ai,A 2 ,m,'D) such 

that Ai, A 2 < 0, and u and v are both positive and radial. 

For our next result we introduce a Pohozaev-type constraint as follows: 

(1.6) V :={{u,v)€Ta, xTa,:G{u,v) = 0}, 

where 

G{u,v) = [ (iVwp + |Vi;p) - ^ • 

jR3 4 

We shall see that V contains all solutions of (fn])-(fr^. 

Theorem 1.2. Let oi, 02 ,/i-i,/i 2 > 0 be fixed. There exists P 2 > 0 depending on at 


and fXi such that, if P > P 2 , then (1.1)-(1.2| has a solution (Ai,A 2 ,u, v) .such that 


Ai,A 2 < 0, and u and v are both positive and radial. Moreover, {\i,\ 2 ,u,v) is a 
ground state solution in the sense that 

J{u, v) = inf{ J(zi, v) : (tt, u) G T} 


= inf {J(u, v) : (u, v) is a solution of { 1.1)-(1.2) for some Ai, A 2 } 


holds. 


Remark 1.3. a) The values of Pi and P 2 can be explicitly estimated; see (3.3) 


and Remark |4.5| below. In particular, we point out that they are not obtained by 
means of any limit process, so that one should not think that Pi is very small and 
P 2 is very large. For instance, if p,i = /i 2 and oi < 02 , then the proof of Theorem 
11.11 works for 

' 

Pi = h-i 

Nevertheless, it remains an open problem to obtain sharp bounds. 

b) The variational characterizations of the solutions obtained in Theorems 1.1 
and 1.2 are different. The solution from Theorem [LU has Morse index 2 as critical 



point of J constrained to Ta^ x Ta^. On the other hand, the solution from Theo¬ 


rem 


1.2 is a mountain pass solution of J on the constraint. It can also be obtained 


as a minimize!' of J on the Pohozaev-type submanifold of the constraint. 

c) Our results can be extended with minor changes to systems with general 
exponents of type 


(1.7) 


— Ami — AiMi = '^Ui+P\ui\'' '^\u2Yui 

-Au2 - A 2 M 2 = M2|u2p^^“^M2 + P\uiY\u2Y~'^U2 


r,N 
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(or the k components analogue) with iV < 4, provided we restrict ourselves to a 
L'^-supercritical and Sobolev subcritical setting: 

^ 4 „ „ 2N 

2+-<2p,,2r<^^. 

Moreover, the proofs do not use the evenness of the functional. Thus one may 
replace the terms v'^ in (1.4) by general nonlinearities f{u),g{v) which are not 
odd. Similarly the coupling term in the functional may be replaced by a 

nonsymmetric one. We decided not to include this kind of generality since it would 
make the statement of our results and the proofs very technical. 


d) Also in the case of fixed frequencies for system (1.11 there exist values 0 < < 

/32 such that the problem has a positive solution whenever /I < /?( or /? > /I 2 [T 37 


see also 27 


In this setting, it is known that if Ai > A 2 , /ii > /i 2 , and one of the 
inequalities is strict, then P'l < ^ 2 ^ for /3 G [/?i,/32] the problem has no positive 
solution [6 37 . On the other hand, the non-existence range (in terms of /3) can 


disappear. This is the case, for instance, if Ai = A 2 = /ri = ^2 = 1- Then (1.1) 


has positive solutions for all /3 > 0. Since in the context of normalized solutions 
the values A^ are not prescribed, it is an interesting open problem whether there 


are conditions on ai, 02 , fJ-i, fJ .2 such that positive solutions of (1.1)-(1.2) exist for 
all /3 > 0. 


e) Despite the similarity between our results and those in [I 37 , the proofs 
differ substantially. First, while in [I 37 the approach is based on the research 
of critical points constrained on Nehari-type sets associated to the problem, here 
no Nehari manifold is available, since Ai and A 2 are part of the unknown; as a 
consequence, we shall directly investigate the geometry of the functional on the 
product of the L^-spheres Ta, X Ta2 in order to apply a suitable minimax theorem. 
We also point out that in [1,37, as well as in all the contributions related to 
the problem with fixed frequencies, one of the main difficulties is represented by 
the fact that one search for solutions having both u ^ 0 and v ^ 0. Here this 
problem is still present, and actually it assumes a more subtle form, in the following 
sense: let us suppose that we can find a Palais-Smale sequence for J on Ta^ x Ta^, 
and suppose that this sequence is weakly convergent in to a limit {u,v). Due 
to the lack of compactness of the embedding ^ L^(R^), a delicate step 

consists in showing that {u,v) G x Ta^, so that it satisfies ( |1.2[ ). Notice that 
the lack of compactness persists also if we restrict ourselves to a radial setting. As 
a consequence, we emphasize that it is not sufficient to rule out the possibility that 
in the weak limit u = 0 or u = 0. We have also to prevent the loss of part of the 
mass of one of the components in the passage to the limit. 

Both theorems rest upon a suitable minimax argument, where an important role 
is played by the ground state levels £{ai,iii) and £{02,^2) associated to the scalar 
problems 

{ —Aw — Xw = pLW^ in 

/r3 

with a = oi and g = gi, or with a = 02 and fi = ^2, respectively. We refer to 
Section]^ for the precise definition of £{a, p). In this perspective, it is interesting to 
emphasize the different relations between the critical values of Theorems o and 
1.2 with £[ai,pi) and £{ 02 ,^ 2 )- 
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Proposition 1.4. With the notation of Theorems o and \l./^ we have 

J{u,v) < min{^(ai,/xi),^(a 2 ,/i 2 )} < niax{£(ai,/^i), ^( 02 ,/ 12 )} < J{u,v). 


In the authors consider systems of the type of (1.7) looking also for solutions 
satisfying (1.2). The results obtained in have no intersection with the one 
of the present paper because there 2 < pi < 2 + 4/7V < p 2 < 6. A common 
feature is that one looks for constrained critical points in a situation where the 
functional is unbounded from below on the constraint. Already in the scalar case 
it is known that, when the underlying equations are set on all the space, looking 
to critical points which are not global minima of the associated functional may 
present new difficulties (with respect to the minimizing problem), see [8,17 


In 


particular a standard approach following the Compactness Concentration Principle 
of P.L. Lions 23p4 is hardly applicable. We also mention [4 Tsp^ for multiplicity 


results in that direction, and 33 for normalized solutions in bounded domains. 


In the second part of the paper we partially generalize the previous results to 
the k > 2 components system 


( 1 . 8 ) 





i 1,..., fc. 


with the normalization condition 


(1.9) 


2 2 

u, = a. 


i = 1, 


, k. 


We always suppose that fdij = j3ji for every i ^ j. Notice that problem (!.!)-(1.2) 
falls in this setting with k = 2, u = ui, v = U 2 , jdu = tii and /?i 2 = /3. 

From a variational point of view, thanks to the fact that /3y = j3ji solutions of 


(1.8)-(1.9) are critical points of 


Jiu„...^u,):= [ (if: 

i=i 




i ,1 = 1 


X where Ta has been defined in (|l.5[). Notice that 


on the constraint Ta^ x 
the definition of the functional J depends on k and the matrix Pij), but we will not 
stress such dependence to keep the notation as simple as possible. 

The first result which we present is the extension of Theorem |1.2| to any k > 3. 


Theorem 1.5. Let k >2, and let > 0 be positive constant, such that the 

following inequality holds: 

( 1 . 10 ) 

/ k 



Cj'=i 


< 


1 


III<fc-l 


n 2 • 


inax{j3jjaj} + 


iex 


k-2 

- -max 

k — 1 


{a 


1/2 1/21 
S' / 


where \T\ denotes the cardinality of the set I. Then (1.8)-(1.9) has a solution 
(Ai,..., Afc, Ml,..., Uk) such that < 0, and Ui is positive and radial for every i. 
Moreover, 


J{ui, ..., Uk) = inf { J(mi, ..., Uk) '■ (ui, ..., Uk) is a solution of (1.8)-(1.9)} , 
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that is (Ai ,..., Xk,ui,... ,Uk) is a ground state solution. 
Some remarks are in order. 


Remark 1.6. a) The set of parameters fulfilling condition (1.10) is not empty. 
For instance, if = a for every i, /Su > 0 are fixed and /3ij = [3 for every i ^ j, 
then (1.10) is satisfied provided /3 is sufficiently large. More in general, if (da > 0, 
/3ij = P for every i ^ j, and 




k-2 

k-1 


niclX 2 } 




< 1 , 


then (1.10) is satisfied provided P is sufficiently large. 


b) At a first glance (1.10) seems unclear if compared with the simple condition 


P > P2 appearing in Theorem On the contrary, for Pa and Oi fixed and fc = 2, 
it is easy to check that (1.10) is fulfilled provided P 12 is larger than a positive 


threshold P 2 (which can be explicitly computed). We observed that the value P 2 in 


Theorem 1.2 can be estimated, see Remark 4.5 Actually, using (1.10) we expect 


to have a better estimate (in the sense that P 2 < P2)', the price to pay is that the 
derivation of (1.10) requires a lot of extra work. 


c) A condition somehow similar to (|1.10 ) appears also for the problem with fixed 


frequencies Ai, see Theorem 2.1 in 

Regarding the extension of Theorem |l.l| to systems with an arbitrary number of 
components, we have a much weaker result. 


Proposition 1.7. Let ai, Pa > 0 be fixed positive constant. There exists Pq > 0 
such that if \Pij\ < Pq for every i j, then system (1.8)-(1.9) has a solution 
(Ai, ..., Xk,ui, ■. ■ ,Uk) such that Ai < 0, and ut is positive and radial for every i. 


The proof is based on a simple application of the implicit function theorem, and 
is omitted for the sake of brevity. Notice that using a perturbative argument we 
can allow some (or all) the couplings Pij to take negative values. On the other 
hand, being Pq obtained by a limit argument, it cannot be estimated from below 
and it could be very small; in this sense Proposition |1.7| is weaker than Theorem 
o where an explicit estimate for Pi is available. 

Let us now turn to the question of the orbital stability of the solitary waves of 


(1.11) - Ldt<3>j = ^ /3fc, mRxR^j = l,...,k, 


associated to the solutions found in Theorem 1.5 (or Theorem 1.2 if k = 
this framework, we can adapt the classical Berestycki-Cazenave argument 
also 10,20 for more detailed proofs) and prove the following: 


2). In 
(see 


Theorem 1.8. Let k>2, and (Ai,. 
Theorem 1.5 (or in Theorem 1.2 if k 
orbitally unstable. 


., Afe, Ml,..., Uk) be the solution obtained in 
= 2). Then the associated solitary wave is 


Regarding the stability of the solutions found in Theorem |1.1| and Proposition 
|1.7[ a Berestycki-Cazenave-type argument does not seem to be applicable, since 
these solutions are characterized by a different minimax construction with respect 
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to those in Theorems |1.2| and |1.5[ Therefore, the stability remains open in these 
cases. 


The orbital stability of solutions to weakly coupled Schrodinger equations asso¬ 
ciated to power-type systems like (1.7) has been studied in several papers (we refer 
to 12 28 31 35 and to the references therein), but the available results mainly 
regard the L^-subcritical setting setting 2p < 1 -|- 4/iV, and the problem with fixed 
frequencies. In particular, we point out that Theorem |1.8| does not follow by pre¬ 
vious contributions. 


2. Preliminaries 


In the first part of the section, we collect some facts concerning the cubic NTS 
equation, which will be used later. Let us consider the scalar problem 


( 2 . 1 ) 


—Aw + w = 
w > 0 

r(;(0) = max in and w G 


m 

in 


It is well known that ( |2.1[ ) has a unique solution, denoted by Wq and that this 
solution is radial. In what follows we set 


( 2 . 2 ) 


Co ■■= 


Wn 


and Cl:= 


w, 


im 


0- 


For G K fixed, let us search for {X,w) G M x 
solving 


with A < 0 in 


(2.3) 


—Aw — Xw = fiw^ 

r(;(0) = maxui and w^ = a^. 


Solutions w of (2.3) can be found as critical points of : W 
(2.4) ' 




defined by 


4H= / 

./B3 


,2 4 

W\ - W 

4 


constrained on the L^-sphere Tq, and A appears as Lagrange multipliers. It is well 
known that they can be obtained by the solutions of (2.1) by scaling. 

Let us introduce the set 

(2.5) P(a, ^) := G Ta : [ |Vu;p = ^ . 

I JR3 4 J 

The role of P(a,p,) is clarified by the following result. 


Lemma 2 . 1 . If w is a solution of (2.3), then w G P(a,/i). In addition the positive 
solution w of (2.3) minimizes I^ on'P{a,pL). 

Proof. The proof of the first part is a simple consequence of the Pohozaev identity. 
We refer to Lemma 2.7 in 17 for more details. For the last part we refer to Lemma 
2.10 in frn. □ 


Proposition 2 . 2 . Problem (2.3) has a unique positive solution (Aa.^t,iCo./i) defined 
by 

Co 


1 ^0 .1 ,1 Co ( 

Xa.ti ■= and Wa,t,{x) := Wo 


fj,a^ 
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The function 'Wa,fj, satisfies 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) I 




{a,n) := I^iwa,^) = 


3CoCi 

CqCi 

ffi’a? 

CqCi 


The value i{a, is called least energy level of problem (2.3). 

Proof. It is not difficult to directly check that Wa,fi defined in the proposition is 
a solution of (2.3) for A = < 0. By 19 , it is the only positive solution. To 

obtain (2.6) and (2.7), we can use the explicit expression of Wa.n- by a change of 
variables 


/ = -% [ iVuioP = ^ / 

Jr3 Jb3 7r3 


>^0) 


where the last equality follows by Lemma |2.l| with of = Cq and /i = 1. This gives 


(2.6). In a similar way, one can also prove (12.71) and (2.8). 


□ 


Working with systems with several components, it will be useful to have a char¬ 
acterization of the best constant in a Gagliardo-Nirenberg inequality in terms of 
Co and Ci. To obtain it, we observe at first that if Wa ■= Wa,Co/a^i then Wa is the 
unique positive solution of 

J —Aw -I- w = in 

[w(0)=maxw and /g 3 W^ = a^, 

and hence is a minimizer of Ia,Co/a^ on V(a, Co/of). Our next result shows that this 
level can also be characterized as an infimum of a Rayleigh-type quotient, defined 

by 

8(/b3|Vii^P)" 


Tla{w) := 


( a“ /p3 


Lemma 2.3. There holds 


inf =inf7^a. 

V{a,Co/a-^) J-a 


Proof. We refer to the proof of the forthcoming Lemma 5.4 where the correspond¬ 
ing equality is proved for systems, and which then includes the present result as a 
particular case. □ 


Let us recall the following Gagliardo-Nirenberg inequality: there exists a univer¬ 
sal constant S > 0 such that 


(2.9) 




for all w G 


In particular, the optimal value of S can be found as 


(2.10) 4= int ObUC 

t«GLIi(K3)\{0} 


(/»> 


(/. 




inf 

W^Ta. 


(/b3 

(/k3 


where the last equality comes from the fact that the ratio on the right hand side is 
invariant with respect to multiplication of w with a positive number. 
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Lemma 2.4. In the previous notation, we have 

64 


= 


276*0 Cl ’ 


where Cq and Ci have been defined in (2.2). 


Proof. Multiplying and dividing the last term in (2.10) by /{27Cq), we deduce 
that 

1 

^ ^ 8a2 

Hence, by Proposition |2.2| and Lemma [2.3[ we infer that 


97/^2 

inf na{w). 


1 


27Cg 

8a2 


(^a,Co/a^) 


27CoCi 


'Co/an'^a.Co/. 


64 


□ 


3. Proof of Theorem 11.1 


This section is devoted to the proof of Theorem 0 which is based upon a 
two-dimensional linking argument. 

In order to avoid compactness issues, we work in a radial setting. This means 
that we search for solutions of (1.1)-(1.2) as critical points of J constrained on 
Sai X Sa ^, where for any a G 


(3.1) 


the set Sa is defined by 
Sa :=<^w€ i7rad(R^) : / 


2 2 
w = a 


/E3 


and i7rad 


denotes the subset of containing all the functions which are 

radial with respect to the origin. Recall that ^ with compact 

embedding, and the fact that critical points of J constrained on Sa^ x Sa 2 (thus in a 
radial setting) are true critical points of J constrained in the full product r^i x 
is a consequence of the Palais’ principle of symmetric criticality. 

In order to describe the minimax structure, it is convenient to introduce some 
notation. We define, for s S K and w G II^(R^), the radial dilation 


(3.2) (s-*rw)(x) := e^w(e^x). 

It is straightforward to check that if re € Sa, then (s*w) G Sa for every s G 
Lemma 3.1. For every p > 0 and w G there holds: 


pZs r is r 

^ JB3 4 J^3 

j 

.JE^ ^ JE 


w 


— 4(s*u;) = e2" 
In particular, if w = Wa,^, then 


_9 

Ws 


For the reader’s convenience, we recall that denotes the functional for the 


then 


r>o 

if s < 0 

If^{s-kWa,^) JS < = 0 

11 

O 

l<0 

if s > 0. 


scalar equation, see (2.4), and Wa^fj. has been defined in Proposition 


2.2 
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Proof. For the first part, it is sufficient to use the definition oi s * w and a change 
of variables in the integrals. For the second part, we observe that 


ds 


— /^(s * Wa,fj.) is <( = 0 if s = s 


where s € M is uniquely defined by 


/r3 


Recalling that Wa.^i € V{a, fj.), see Lenima [2d] we deduce that e® = 1, i.e. s = 0. □ 

For oi, 02 ,/ii,/i 2 > 0 let /3i = /3i(ai, 02 ,/iij AI 2 ) > 0 be defined by the equation: 


1 


1 


1 


I ’ 02^2 / ai(Mi+^i)^ ' a|(^2+/3i)^ 

Lemma 3.2. For 0 < /3 < /?i there holds: 
inf { J(m, v) : {u, v) e V{ai, + P) x V{a 2 , /12 + P)} > max{^(ai, /ii), £{ 02 ,^ 12 )} 


where i{ai, ^i) is defined hy (2.8). 


Proof. Using Young’s inequality and recalling the definition of (see (2.4)), we 
obtain for (u, v) S V{ai,^i + /3) x V{a 2 , fJ .2 + P)- 


J (u, v) = 4, (u) + f 

X JRS 

> I^fu)+I^fv) - ^ f 

4 JR2 


2 2 
U V 


u^- 


= 4i+;3(u)+ 42 +/j(i;) > inf + inf I^^+p{v) 

u^V{ai,^ii+p) ue'P(a2,At2+p) 

= £{0,1, /li + / 3 ) + £{02, ^2 + /?) 

Therefore, the claim is satisfied provided 

max{^(ai, ^ 1 ), £{ 02 , ^^ 2 )} < £{ai,Hi + P) + £{a 2 , AI 2 + P), 


that is (by Proposition 2.2) 


(3.4) 


max 


[ CqCi CqCi 


< 


CoCi 


CoCi 


\ ’ 802/12 J 8aj(/ii+/3)2 8a2(/i2+/3)^ 

Clearly, this holds for 0 < /3 < /3i. 

Now we fix 0 < /3 < /3i = /?i(ai, 02 , /ii, /i 2 ) and choose e > 0 such that 
inf{J(u,'!;) : {u,v) G V{ai,fj.i + P) x 'P{a 2 ,H 2 + P)} 

> max{£(oi,/ii),.£(a2,/i2)} + £■ 

We introduce 


□ 


(3.5) 


(3.6) ici := uiai./2i+/3 and UI 2 := ■u'a2.M2+/3> 
and for z = 1, 2, 

d 

(3.7) tpfs) ■.= If^fs-kWi) and fifs) := —I^,+p{s * Wi). 
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Lemma 3.3. For i = 1,2 there exists pi < Q and Ri > 0, depending on e and on 
P, such that 

{i) 0 < (pi{pi) < e and Pi{Ri) < 0 ; 

(ii) ipiis) > 0 for any s < 0 and ipi{s) < 0 for every s > 0. In particular, 
ifiipi) > 0 and f)i{Ri) < 0 . 


Proof. By Lemma 3.1 we deduce that Pi(s) —>■ 0+ as s —>■ —oo, and (pi{s) —>■ —oo as 
s —>■ +c». Thus there exist pi and Ri satisfying (*). Condition (ii) follows directly 
from Lemma [3T1 □ 


Let Q := [pi,Ri\ x [p 2 ,R 2 ]^ and let 

7 o(^i)i 2 ) := [ti *wi,t2 *W2) € S ai ^ ^a2 V(ti,t 2 ) e Q- 

We introduce the minimax class 

r := {7 e C (Q, Sa, X Sa^) : 7 = 7 o on dQ} . 

The minimax structure of the problem is enlightened by ( |3.5[ ) and the following two 
lemmas. 


Lemma 3.4. There holds 


sup J( 7 o) < max{£(ai,/ii),£(a 2 ,^ 2 )} + £• 
dQ 


Proof. Notice that 


J(u, v) = (u) + 7^2 (v)- ^ [ u^v'^ < 7^1 (u) + 7^2 (u) 

^ jR3 

for every [u, v) G Sa^ x since /3 > 0. Therefore, by Lemma [3.3| we infer that 
J{ti^Wi,p2*W2) < I)_c^{ti*Wi) +7^2(p2*I«2) < IiiAh^Wi) +£ 

< sup (s * ici) + £. 


In order to estimate the last term, by Proposition |2 . 2| it is easy to check that 

^/k3 _ Pi + fi 


Wai.r. = isi*Wi) for e'*' := 


^ /r3 TT 


Pi 


As a consequence, observing also that si*(s 2 *'R') = (si + S 2 )*w for every si, S 2 G 
and w € 77^ we have 


(3.8) SUp7^j(s*Wi) = sup I/,^(s*Wa,,f,J. 

sGK sGH 

As a consequence of Lemma |3.1| the supremum on the right hand side is achieved 
for s = 0 , and hence 

(3.9) J(ti-kwi,p2*W2) < £(ai,pi) + £ Vti e [pi,77i], 

and in a similar way one can show that 

(3.10) J(pi *wi,t2*W2) < £( 02 , P 2 ) + £ Vt2 G [P2, 772 ]- 

The value of J(p/o) on the remaining sides of dQ is smaller: indeed by Lemma 3.3 
and (3.8) 

J(ti * lui, 7?2 * W 2 ) < I^ii (ti * wi) + 7^2 {R 2 * W 2 ) 

< suplf_t^{s*wi) = £{ai,pi) 


(3.11) 
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for every ti € and analogously 

(3.12) J(Ri-k Wi,t2 * W 2 ) i{ci2, fJ- 2 ) G [p 2 j .R 2 ]■ 


Collecting together (3.9)-(3.12), the thesis follows. 

Now we show that the class F “links” with + (3) x V{a 2,^2 + /3). 


□ 


Lemma 3 . 5 . For every 7 S F, there exists (ti^j,t2,-y) G Q such that 7(^1,7, t2,7) £ 

7^(oi, /ii + /3) X V{a2, /12 + /3)- 

Proof. For 7 G F, we use the notation 7 (^ 1 ,^ 2 ) = (71 (^ 1 ,^ 2 ), 72 (^ 11 ^ 2 )) € Sa^ x Sa^. 
Let us consider the map F 7 : Q —>■ defined by 


/ d 

F^{ti,t2) ■= ( ^.f;ii+/3(s*7l(^l)^2)) 


s=0 


d 

, ^42+/3(s* 72 (^ 1 , ^ 2 )) 


s=0 


From 


— I^^+p{sk'),{ti,t2)) 


s =0 


= I (V/.. + 

hspacelcm= [ \\/'-fi{tl,t2)\'^-^{|J,^ + | 3 ) [ -ff{ti,t2) 

jR3 4 


s =0 


we deduce that 


F 7 (ti,t 2 ) = ( 0 , 0 ) if and only if 7 (^ 1 , ^ 2 ) £ iP(ai, Mi + ,d) x P(a 2 , ^12 +/3)- 

In order to show that F.y{ti,t 2 ) = (0,0) has a solution in Q for every 7 G F, we can 
check that the oriented path F.y{d~^Q) has winding number equal to 1 with respect 
to the origin of so that standard degree theory gives the desired result. In doing 
this, we observe at first that Fj{d~^Q) = Fjg{d~^Q) depends only on the choice of 
7 o, and not on 7 . Then we compute 


Fjo{ti,t2) = 6^*1 




iVwip - ^(mi +^) [ 
^ Jr 

r ‘ipt 2 

MVic 2 |^-—(M1+/3) 


^2 = (V'l(il).V' 2 (i 2 )), 


where we recall that the definition of ifi has been given in (3.7). Therefore, the 
restriction of F^g on dQ is completely described by Lemma 3.3 (m), see the picture 
below: 
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In particular, we have that the topological degree 

deg(F^, Q, (0,0)) = (d+Q), (0,0)) = 1, 

where t((T, P) denotes the winding number of the curve a with respect to the point 
P. Hence there exists G Q such that = (0,0), which, as 

observed, is the desired result. □ 


Lemmas 3.4 and 3.5 permit to apply the minimax principle (Theorem 3.2 in 14 ) 
to J on r. In this way, we could obtain a Palais-Smale sequence for the constrained 
functional J on x Sa ^, but the boundedness of the Palais-Smale sequence would 
be unknown. In order to find a bounded Palais-Smale sequence, we shall adapt the 
trick introduced by one of the authors in 17 in the present setting. 


Lemma 3.6. There exists a Palais-Smale sequence (m„,u„) for J on Sa^ x 5^2 at 
the level 

c := inf max J( 7 (ti, ^2)) > niax{^(ai,/xi), .^(02,/i2)}, 

76 r (ii,t2)GQ 

satisfying the additional condition 

(3.13) [ (|Vm„P- b |Vu„p) - ^ / niui +H 2 vt + ‘2l3ulvl) = o{l), 


where o(l) —)■ 0 as n —)■ 00 . Furthermore, u„,v^ -G 0 a.e. in as n —)■ 00 . 


Proof. We consider the augmented functional J : R x Sa^ x Sa 2 -G K defined by 
J(s, u, v) := J{s-ku,s-k v). Let also 

70 (^ 11 ^ 2 ) := (0,7o(tl,t2)) = ( 0 ,tl -kWi,t2 *W2), 


and 

f := {7 G C{Q,R X Sai X Sa^) : 7 = 7o on dQ} . 
We wish to apply the minimax principle Theorem 3.2 in 


14 


to the functional J 

with the minimax class P, in order to find a Palais-Smale sequence for J at level 

c := inf sup J{^{ti,t 2 )). 

76f (ti,i2)GQ 


Notice that, since T( 7 o) = J[lo) on dQ, by Lemmas 


3.4 


and 


3.5 


the assumptions 


of the minimax principle will be satisfied if we show that c = c. This equality is a 
simple consequence of the definition: firstly, since T C P, we have c < c. Secondly, 
using the notation 

l{tl,t 2 ) = (s(ll, 12), 7 l(il,^ 2 ), 72(^1, ^2)), 
for any 7 G P and (^ 1 ,^ 2 ) G Q it results that 

J= J{s{ti,t2) * 7l {tl,t2), S(<1, <2) * 72(^1, *2)), 


and (s(-)*7i(’)i 'S(’)*72(’)) € P. Thus c = c, and the minimax principle is applicable. 

Notice that, using the notation of Theorem 3.2 in [^, we can choose the minimiz¬ 
ing sequence 7 „ = (s„, 7 i_„, 72 ,n) for c satisfying the additional conditions s„ = 0 , 
li,n{ti,t 2 ) > 0 a.e. in R^ for every (^ 1 ,^ 2 ) G Q, 72 ,Tt(ii,i 2 ) > 0 a.e. in R^ for 
every (ti,t 2 ) G Q. Indeed, the first condition comes from the fact that 

Jilihih)) = J{s{h,t 2 ) * ll{ti,t 2 ), s{ti,t 2 ) * 72 (^ 1 , ^ 2 )) 

= J( 0 ,s(ti,t 2 ) * 7 l(^G^ 2 ),s(tl,t 2 ) * 72 (^ 1 , ^ 2 ))- 









14 


THOMAS BARTSCH, LOUIS JEANJEAN AND NICOLA SOAVE 


The remaining ones are a consequence of the fact that J(s, u,v) = J{s, |m|, |t|). 

In conclusion, Theorem 3.2 in 14 implies that there exists a Palais-Smale se¬ 
quence {Sn,Un,Vn) for J On . 


(3.14) 


lim |s„ 

n—^oo 


X 5'oi X Sa 2 at level c, and such that 
I -h distj/l {{Un,Vn),ln{Q)) = 0. 


To obtain a Palais-Smale sequence for J at level c satisfying (3.131, it is possible 

0 a.e. 


to argue as in 
in as n —>■ 
Lemma 13.41 


17 Lemma 2.4] with minor changes. The fact that 


oo comes from (3.14). Finally, the lower estimate for c comes from 

□ 


To complete the proof of Theorem ] 1.1[ we aim at showing that (it„, u„) is strongly 
convergent in to a limit {u,v). Once this has been achieved the claim 

follows because 


x5’a2 ^ ^ and (rinjUn) ^ x Sa 2 

for all n. A first step in this direction is given by the following statement. 

Lemma 3.7. The sequence {(u„,u„)} is bounded in Furthermore, 

there exists C > 0 such that 



|Vu„p > C 


for all n. 


Proof. Using (3.13), we have 


J{Un,Vn) = |Vw„P -b 


o(l), 


where o(l) —>■ 0 as n —>■ oo. Therefore, the desired results follow from the fact that 
d{uji,Vji) y c ^ 0. nil 


By the previous lemma, up to a subsequence (u„, Vn) —>■ (u, v) weakly in 77^(K^), 
strongly in (by compactness of the embedding ^ L^(IR^)), and 

a. e. in in particular, both u and v are nonnegative in we explicitly remark 
that we cannot deduce strong convergence in L^(]R^), so that we cannot conclude 
that {u,v) G Sai X Sa 2 - Observe that as a consequence of xS„ {un,Vn) 0 

there exist two sequences of real numbers (Ai_„) and {\ 2 ,n) such that 


(3.15) / (Vm„ • -b + u„(^)) 

- / (Al,„U„(b’+ A2 ,ti 1/’) = o(l)||((b>,l/’)|!ffi 


for every {(fij'if) G i7^(K^,]R^), with o(l) —>■ 0 as n —>■ oo. For more details we refer 
to Lemma 2.2 of [^. 


Lemma 3.8. Both (Ai^n) and (A 2 ,n) cire bounded sequences, and at least one of 
them is converging, up to a subsequence, to a strictly negative value. 


Proof. The value of the (Ai^„) can be found using (m„ 
in (3.15): 


1 0) and (0, t>„) as test functions 


Ai,„a? = [ {\\7un\^ - uml-/3ulvl) - o{l) 

JR3 

X2,nal= [ {\\/Vn\^ - H2vt- Pulvl) - 0{1), 
dR3 
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with o(l) —)■ 0 as n —>■ oo. Hence the boundedness of follows by th e bound¬ 

edness of {un,Vn) in and in L^. Moreover, by (3.13) and Lemma 3.7 


Ai,„ai-b A2,„a2 = / {\VUn\^ + \VVn\^ - - o{l) 

= -\[ (|Vn„|2 + |Vi;„|2)+o(l)<-^ 

U JH3 0 

for every n sufficiently large, so that at least one sequence of {Xi,n) is negative and 
bounded away from 0. □ 


From now on, we consider converging subsequences Ai_„ —>■ Ai S K and A 2 ,n —>■ 
A 2 G K. The sign of the limit values plays an essential role in our argument, as 
clarified by the next statement. 


Lemma 3.9. If Xi <0 (resp. A 2 < 0^ then Un ^ u (resp. Vn ^ v) strongly in 


Proof. Let us suppose that Ai < 0. By weak convergence in 
vergence in and using (3.15), we have 


strong con- 


o{l) = {dJ{Un,Vn) - dJ{u,v))[{Un - u,0)] - Xi / {Un - uf 

= / |V(m„ - u)|^ - Ai(m„ - -I-0(1), 

JR 3 


with 0 ( 1 ) —?> 0 as n —>■ 00 . Since Ai < 0, this is equivalent to the strong convergence 
in . The proof in the case A 2 < 0 is similar. □ 


Remark 3.10. It is important to observe that Lemmas |3.7|3.9| do not depend on 
the value of /3. This implies that we can use them in the proof of Theorem|1.2[ 


Conclusion of the proof of Theorem \l . 1\ By the convergence of (Ai^„) and 

(A 2 ,n), and the weak convergence (u„, v„) (u, D), we have that (u, v) is a solution 

of It remains to prove that it satisfies ( |1.2[ ). Without loss of generality, 

by Lemma [3.8| we can suppose that Ai < 0, and hence (see Lemma 3.9) —?► u 
strongly in If X 2 < 0, we can infer in the same way that strongly 

in II^(U^), which completes the proof. Now we argue by contradiction and assume 
that A 2 > 0 and Vn v strongly in Notice that, by regularity, any weak 

solution of O) is smooth. Since both n, i; > 0 in , we have that 


—Av = X 2 V + fi 2 V^ + fdu^v >0 in 


and hence we can apply Lemma A.2 in 
this implies that u solves 


16 , deducing that v 


0. In particular. 


{ —Aft — Aiu = pLivf in 

h > 0 in 

/r3 = «!, 
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so that u S V{ai,fii) and = ^(ai,/^i) (recall (2.5) and Proposition |2.2[ ). But 

then, using (3.13) and u G we obtain 


(3.17) 


c= lim J{u„,Vr,)= lim ^ [ (/riu^ + 2/3u^u^ + 

n—^oo n—¥oo o J'^3 




/ = LiU) = 

dR3 


in contradiction with Lemma |3J3| 


□ 

Remark 3.11. In the conclusion of the proof of Theorem |1.1| we used the unique¬ 
ness, up to translation, of the positive solution to (|3.16|) to deduce that, being u a 


positive solution of (3.16), its level /^^(mi) is equal to Such a uniqueness 


result is known for systems as ( |1.1[) only if P is very small (see [15| ). This is what 
prevents us to extend Theorem |1.1| to systems with several components without 
requiring the coupling parameters to be very small. In particular, we observe that 
the minimax construction can be extended to systems with an arbitrary number of 
components with some extra work. 

4. Proof of Theorem 11.21 

This section is divided into two parts. In the first one, we show the existence of 
a positive solution {u,v), in the second one we characterize it as a ground state, in 
the sense that 

J{u,v) = inf{J(u,u) : (u, u) G V} 


= inf {J(u, v) : (it, v) is a solution of (1.1)-(1.2) for some Ai, A 2 } . 


The proof of Theorem |1.2| is based upon a mountain pass argument, and, com¬ 
pared with the proof of Theorem o it is closer to the proof of the existence of 
normalized solutions for the single equation. We shall often consider, for (it, v) G 
*S'ai X <5'a2j the function 

J{s-k{u,v)) = %- ( (|Viip-f |Vi;p) - -f 2/311^1;^-k/ 12 U) , 

X JR3 4 


where s* {u,v) = {s-ku, s* v) for short, and s * it is defined in (3.2). Recall that if 


(ii,u) G Sai X Sa 2 , then also s* {u,v) G Sa^ x Sa 2 - As an immediate consequence 
of the definition, the following holds: 


Lemma 4.1. Let {u,v) G Sa^ x S'q^- Then 


lim 

s—>• —00 

and 


|V(s*ii)p-f |V(s*i;)p = 0, 


lim 

s—>-+oo 


E3 


|V(s*ii)p -I- |V(s*i’)p = -1-00, 


lim J{s-k {u,v)) = 0'^, lim J(s * (it, u)) = — 00 . 

s—>• —00 s—>• —00 

The next lemma enlighten the mountain pass structure of the problem. 
Lemma 4.2. There exists K > Q sujficiently small such that for the sets 

A := |(ii,i;) e Sa, X Sa2 : J^ iVitp + |Vi;|2 < 


and 


B := |(ii,i;) G Sa, X 5,, : |Viip + |Vi;|2 = 2 k| 
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there holds 


J{u) > 0 on A and sup J < inf J. 

A B 


Proof. By the Gagliardo-Nirenberg inequality (2.91 


f + 2l3vfv'^ + ^ ^ ^ C f f |Vup + |Vi 

Js.3 7r3 VJk3 


3/2 


for every {u,v) £ S'ai x <S'a 2 j where C > 0 depends on /ii,/r 2 ,/?, ui, 02 > 0 but not 
on the particular choice of {u,v). Now, if (ui,ui) £ B and (it 2 ,U 2 ) £ A (with K to 
be determined), we have 

J{ui,Vi)-J{u2,V2)>l([ IVwiP + IVuip- / |VlX2p + |Vz;2 

^ \v/r3 JR3 

' {fiiuf + 2(3u\v'l + At 2 Ti) 


'R3 


2 T- 4 <“ > -T 

provided it' > 0 is sufficiently small. Furthermore, making K smaller if necessary, 
we have also 

3/2 


(4.1) J{U 2 ,V 2 )>U [ |VU2p + |Vz;2 

^ ViR3 

for every ( 112 , 112 ) £ 4l. 


|Vu2p + |Vi;2p^ > 0 


□ 


In order to introduce a suitable minimax class, we recall that Wai./ii (resp. 
Wa 2 ,tJ. 2 ) is the unique positive solution of (2.3) with a = oi and p, = /ti (resp. 
a = 02 and p, = ^ 2 )- Now we define 

(4.2) C := |(u,i;) £ S'ai X S'a, ; y |Vitp + |VtP > SiF and J(m, n) < o| . 

It is clear by Lemma [4.1| that there exist si < 0 and S 2 > 0 such that 
Si * iWai,fj.i,Wa 2 ,(i 2 ) =■ (wiiiil) S A and S 2 * (Wai./n , Wa 2 ,A« 2 ) =: {U 2 ,V 2 ) £ C. 


Finally we define 

(4.3) F := {7 £ C([ 0 , l],Sai x Sa 2 ) ■ 7 ( 0 ) = and 7(1) = (112,112)} ■ 


By Lemma 4.2 and by the continuity of the L^-norm of the gradient in the topology 
of ii^, it follows that the mountain pass lemma is applicable for J on the minimax 
class F. Arguing as in Lemma |3.6| we deduce the following: 


Lemma 4.3. There exists a Palais-Smale sequence (m„,i'„) for J on Sa^ x Sa 2 at 
the level 

d := inf max J("f(t)), 

7ertG[o.i] 


satisfying the additional condition ( |3.I3[ ).' 

3 

~ 4 


/ (|Vii„| 2 + |Vi;„|' 

7r3 

with 0 ( 1 ) —>■ 0 as n ^ 00 . Furthermore, u~,v, 




0 a.e. in . 


as n ^ 00 . 
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As in the previous section, the last part of the proof consists in showing that 
(u„, Vn) —t {u, v) in K^), and (u, v) is a solution of (1.1)-(1.2). This can be 

Firstly, thanks 
, strongly 
(u, v) is a 


done similarly to the case j5 > 0 small, recalling also Remark 3.10 
to (3.13), up to a subsequence {u. 
in 


, iin) —t (w, t) weakly in 


a. e. m 


By weak convergence and by Lemma 3.8 


solution of (1.1) for some Ai,A 2 S K. Moreover, we can also suppose that one 
of these parameters, say Ai, is strictly negative. Thus, Lemma |3.9| implies that 
—>■ u strongly in If by contradiction Vn v strongly in then 


A 2 > 0, and by Lemma A.2 in 16 we deduce that u = 0. As in (3.17), this implies 


that d = (defined in Proposition 2.2), and it remains to show that this 

gives a contradiction, which is the object of the following lemma. 


Lemma 4.4. There exists j32 > 0 sufficiently large such that 

sup J(s A Was, ^ 2 )) < min{£(ai, ),.£( 02 , ^ 12 )} for all (3 > 

sGR 

Proof. By Lemma [XT] for any £ > 0 there exists Sg — 1 such that 

+ ffi 2 is*Wa 2 ,U 2 ) < £ for all S < Se- 

For such values of s we have J(s* {wai,^ii^Wa 2 ,ti 2 )) < because /3 > 0. If s > s^, 
then the interaction term can be bounded from below: 

/ = / wl wl >€ 20 ^^^. 

7r3 7r3 

= : 02 = 0*2 (a 1,02 ,Mi iM 2)>0 

As a consequence, recalling that sup^(s ★ = £{ai^fj>i) (see 

again Lemma |3.4[ ), we have 

C 

J[s ir {Wai ,/j,q , '^a2,/J.2 )) — ^ ,/j.i ) 4“ ^fi2 ('^ * ^ 02 ,/i2 ) ^ P 

< f(ai, /xi) + £( 02 , H 2 ) - 

and the last term is strictly smaller than min{^(oi,p-i),£( 02 ,/X 2 )} provided /? is 
sufficiently large. □ 


Remark 4.5. From the previous proof one can obtain an explicit estimate of 
in Theorem El in the following way. Choose as e any value smaller than 


min{£(ai,/xi),£( 02 ,/X 2 )}. Then one can explicitly estimate s^ using Lemma 3.1 


(the smaller is e, the larger is |se|). Once that e is fixed and is estimated, it 
remains to solve the inequality 


£{ai,fii) +^(a2,/X2) - 


02 ( 01 ,02,/Xi,/X 2 ) 3g 


< min{^(oi,/xi),£(02,^12)} 


with respect to / 3 . An optimization in 0 < £ < min{£(ai, /xi), £(02, /X2)} reveals that 
can be chosen as 

= [£(01,^1) +£(02,^12) - min{£(ai,^i),£(o 2 ,/X 2 )}] 


02 ( 01 ,02, Hi, ^2) 


£:=min{^(ai ,^i),i{a2,fi2)} 
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Existence of a positive solution at level d. In our contradiction argument, we are 
supposing that Vn v strongly in and hence we have observed that u = 0 

and d = i{ai,pLi). Let us consider the path 

lit) ■= (((l-^Sl +^S2)*(lUai.Mi,'*"a2,/X2)) ■ 

Clearly, 7 G F, so that by Lemma 

d< sup j{j{t)) < sup J{s-k{Wai,fj.,, <£iai,p.i), 

tG[ 0 . 1 ] sGK 

a contradiction. 


□ 


Let us now turn to the variational characterization for {u,v). In what follows 
we aim at proving that 

J(m, v) = inf{ J(m, v) •. (u,v) 

= inf { J(m, v) : (u, v) is a solution of (fLT])-(fL2|) for some Ai, A 2 } 


Let us recall the definitions of A, see Lemma 4.2 and of C, see (4.2 1 . We set 
A'^ := {{u,v) G A : u,v > 0 a.e. in K^} 

and 

C+ := {(m, v) G C : u,v > 0 a.e. in K^}. 

For any (mi,i;i) G A~^ and ( 112 ,^’ 2 ) G , let 

T{ui,vi,U2,V2) ■■= {7 G C([ 0 , l],S'ai X 'S'as) : 7 ( 0 ) = iui,vi) and 7(1) = {u2,V2)}. 
Lemma 4.6. The sets A~^ and C~^ are connected by arcs, so that 


(4.4) 


d = inf max J(pf{t)) 

'yGr{ui,vi,U 2 ,V 2 ) tG[ 0 ,l] 


for every (ui,Vi) G ^ 4 + and {u2,V2) G . 


Proof. The proof is similar to the one of Lemma 2.8 in 17 . Equality (4.4) follows 
easily, once we show that A~^ and are connected by arcs (recall the definition 
of r, see ( |4.3[ ), and also that ui,Vi,U 2 ,V 2 > 0 in 

Let (it2,U2) G Sa^ x Sa 2 be nonnegative functions such that 


(4.5) 


[ |Vmi| + |VuiP= [ |Vm2| + |Vz;: 

JR3 JR3 


'2\^ = 


for some a > 0. We define, for s G ffi and t G [0, 7 r/ 2 ], 

h{s, t){x) := (cos f(s * ui){x) + sinf(s * U2)(x), cos t(s * vi)(x) + sint(s * V2)(x)). 

Although h depends on (mi,i;i) and ( 112 , 112 ), we will not stress such dependence in 
order to simplify the notation. Setting h = (hi, / 12 ), "we have that hi(s, t), h2(s, t) > 
0 a.e. in , and by direct computations it is not difficult to check that 


/ /ij(s, f) = Oj + sin( 2 f) / U1U2 

JtS.3 Jr3 

/ h 2 {s,t) = 02 + sin{2t) / V 1 V 2 

Jm Jr3 

[ |V/ii(s,t)| + |V/i2(s,i)P = 


+ sin(2t) / Viti • Vit 2 + Vi!i • Vii 2 
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for all (s,f) G K X [0,7r/2]. From these expressions, and recalling (4.5) and the fact 
that ui,Vi,U 2 ,V 2 > 0 a. e. in , it is possible to deduce that there exists C > 0 
(depending on and {u 2 ,V 2 )) such that 

f |Vhi(s,t)|2 + |V/i2(s,f)|^ < 20^62" 

a? < / h'l{s,t)<2ai and < / hl{s,t)<2al 

Jr3 Jr3 

Thus, we can define for (s,t) G K x [0,7r/2] the function 

- f hi{s,t) h2{s,t) 

h{s,t)[X) := -, 02 ] 


\\h,is,t)\\L^' \\h2is,t)\\L^ 

Notice that h{s,t) G Sa^ x Sa^ for every (s,f). It results 


(4.6) 


minjai, o^jCe 
2 max{af, 02 } 


2s 


< 


2 I f m 2 / 2 a^e^® max{ai, 02} 


|V/ii(s,t)F + |Vh2(s,t)r < 


min{af, a^} 


Furthermore, using again (4.5) (and replacing if necessary C with a smaller quan- 
hf(s,t) > and f h^is^t) > Ce^’^ 


tity), it is possible to check that 


(4.7) 

for all (s,t) G M X [0,7r/2]. 

These estimates permits to prove the desired result. Let (mi,ui), {u 2 ,V 2 ) G 
and let h de defined as in the previous discussion. By (4.6) there exists sq > 0 such 
that 


2 J ’ 


/ \Vhi{-so,t)\'^ + \Vh 2 i-So,t)\‘^ < K for alH G 0, 

7b3 _ L 

where K has been defined in Lemma [4. 2 1 For this choice of sq, let 

{ —r X (rti, III) = h{—r, 0) 0 < r < sq 

h{-so,r-so) So < ?'< So + f 

(r - 2so - f) * iu 2 ,V 2 ) = h (r - 2so - f, f) so + f < r < 2so + f ■ 

It is not difficult to check that cr is a continuous path connecting {ui,vi) and (it 2 , V 2 ) 
and lying in A'^. To conclude that is connected by arcs, it remains to analyse 
the cases when condition (|4.5|) is not satisfied. Suppose for instance 


[ |Vui|2 + |Vuip > / |VU2p + |VU2p. 

Jfi3 

Then, by Lemma [4.1[ there exists si < 0 such that 

f |V(si*Mi)|2 + |V(si*ui)p = f |Vir 2 p + |Vu 2 r 

7b3 jb3 

Therefore, to connect (rti,z;i) and {u 2 ,V 2 ) by a path in A'^ we can at first connect 
(ui, III) with Si * (ui, Wi), and then connect this point with {u 2 ,V 2 )- 

To prove that also (7+ is connected by arcs, let us fix (ui, ui), {u 2 , V 2 ) G C+, and 
suppose that (4.5) holds (as before, we can always reduce to this case). By (4.6) 
and (4.7), there exists sq > 0 such that 

[ |V/ii(so,t)P + |V/i 2 (so,i)P > 3iF and J{h{so,t))<0 
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for all t G [0,7r/2]. For this choice of sq, we set 

{ r * {ui,vi) = h{r,0) 0 < r < sq 

h{so,r-so) So < T < So + f 

(2so + ^ - r) -k {u 2 ,V 2 ) = h (2so + f - 'r, f) sq + f < r < 2so + f, 

which is the desired continuous path connecting (mijUi) and {u 2 ,V 2 ) in C'^. □ 

As we shall see, the previous lemma will be the key in proving the variational 
characterization of {u,v). Let us recall the set 

V := {(m, v) G Ta^ X Ta^ : G{u, u) = 0} , 

from (1.6), and its radial subset 

(4.8) Kad := {(m, v) G S'ai X Sa 2 ■ G{u, u) = 0} , 

where 

G{u,v)= [ i\Vuf + \Vvf)-^[ + 2/3uV +/r 2 U^) . 

jR3 4 Jjg.3 

Lemma 4.7. If {u,v) is a solution of (fLT|)-([L^ for some Ai, A 2 G K, then (u, v) G 

V. 


Proof. The Pohozaev identity for system (1.1) reads 

(4.9) If |Vu|2 + |Vu|2= /" ^(Aim2+A2u") + ^(aiiu^ + 2/3mV + M2T^). 
On the other hand, testing (1.1) with {u,v), we find 

Ai / = f |Vup — f 

JS.3 Jr3 Jr3 

A 2 / = / |Vup - [ {/3u‘^v‘^ + H2V'^) 

Jr3 Jr3 JR3 

which substituted into (4.9) give the desired result. 

For {u,v) G Ta^ X Ta 2 , let us set 

4'(u.«)(s) := J{s-k{u,v)), 


□ 


where as before sk{u,v) = {s-ku,skv) for short, and s*u is defined in (3.2). 

It is not difficult to check that V, V^ad are not empty. Actually, directly from the 
definition, one has much more. 

Lemma 4.8. For every (m,u) G Ta^ x Ta^, there exists a unique G K such 

that {s(^u,v) * (u,v)) G V. Moreover, is the unique critical point of 41 

which is a strict maximum. 


Lemma 4.9. There holds 

inf J = inf J. 

V U„d 

Proof. In order to prove the lemma we assume by contradiction that there exists 
{u, v) GV such that 

(4.10) 0 < J(m,u) < inf J. 
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For u G let u* denotes its Schwarz spherical rearrangement. By the prop¬ 

erties of Schwarz symmetrization we have that J{u*,v*) < J{u,v) and G{u*,v*) < 
G{u,v) = 0. Thus there exists so < 0 such that G{sQ-k {u*,v*)) = 0. We claim that 

Indeed using that 0(50 * {'U'*,v*)) = G{u, v) = 0 we have 




(4.11) 


Thus 


o2so 

IT 


|Vi 


|Vr 


< —— / |Vup -I- iVup = J(u, u). 

6 ./lB3 


0 < J{u,v) < inf J < J{so * (m*, V*)) < 

Vrad 


W(m, v) 


which contradicts sq ^ 0. 

We are ready to complete the proof of Theorem |1.2 


□ 


Conclusion of the proof of Theorem \l.^ Recalling that any solution of (1.1)-(1.2) 
stays in R, if we have 

(4.12) J{u,v) = d< inf{J(u,u) : {u,v) G Rrad} 

the thesis follows in view of Lemma 4.9 In order to prove ( |4.12 ) we choose an 
arbitrary {u,v) G Kad and show that J{u,v) > d. At first, since (u,v) G Kad 
implies (|m|, |u|) G 14ad and J{u,v) = J(|m|, |u|), it is not restrictive to sup pose that 
> 0 a.e. in Let us consider the function '^(^u,v)- By Lemma 4.1 there 
exists So ^ 1 such that (—sq) * {u,v) G A+ and sq * {u,v) G C+. Therefore, the 
continuous path 

7 (t) := ((2t - l)so) * (u,ri) ^ € [0,1] 
connects A+ with G~^, and by Lemmas 4.6 and 4.8 we infer that 


d < max JGfU)) = J(u,v). 
te[o,i] 


Since this holds for all the elements in Trad, equality (4.12) follows. 

5. Systems with many components 


□ 


In this section we prove Theorem 1.5 The problem under investigation is (1.8)- 

]R3 

z = 1,... ,/c. 


(1.9): we search for solutions to 
j —Aui — 

\ui € 


-Aui - XiUi = PijU^jUi 


satisfying 


2 2 
u, = a. 


i = 1,... ,k. 


Dealing with multi-components systems, we adopt the notation u := (ui,... ,Uk)- 
The first part of the proof is similar to the one of Theorem |1.2[ therefore, we only 
sketch it. 


For u G Sai X • ■ 


X S'ofc (recall definition (3.1)) and s G M, we consider 






ijUi Uj 
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and 

(5.1) 


G'(u) = H 


i=l 


B3 


ij'=l 


It is not difficult to extend Lemma [4.2| for k > 2, proving the following: 
Lemma 5.1. There exists K > 0 small enough such that 


0<supJ<infJ and G{u),J{u)>0 Vu G A, 
A B 


where 


and 


A :— u € Sai X Sa 


k 

E 

2=1 


|Vu,p < K 


f 

JR' 


k 

E 

2 = 1 


= 2K 


B := |u e Sa, 

We also introduce the set 
(5.2) C := 

and we recall the definition of Wa.f,, given in Proposition 2.2 It is clear that there 
exist Si < 0 and S 2 > 0 such that 


u S Sa, X • • • X Sa,, ■ [ |Vuip > 3K and J(u) < 0 I , 

J 


and 


Setting 


51 A {Wa, ,g,, , ■ 

52 * (Woi./3ii, ■ 


,'W, 


,hki 


,)=-.ugA 




i,/3fcfc) —: u G C. 


r := {7 G c([0, 1], S'ai X • • • X S'aJ : 7 ( 0 ) = u, 7(1) = u} , 
by Lemma [O] it is possible to argue as in Lemma [L3l showing that there exists a 
Palais-Smale sequence (u„) for J at level 

d := inf max J(^(t)), 

76rtG[0.1] 


satisfying the additional condition 

» k 


(5.3) 


G(u)= / 


k 

,T. 

ui=i 


= 0 ( 1 ), 


with 0(1) —0 as n —>■ 00. Moreover u~^ —>■ 0 a.e. in as n —>■ 00, for any i. 
Notice that the value d depends on all the masses oi and on all the couplings / 3 ij. 

It remains to show that u„ —u strongly in , and the limit is a solution of 
(1.8)-(1.9). In order to do this, we argue as for the 2-components system: thanks to 
(5.3), up to a subsequence u„ — >• u weakly in strongly in L'‘(M^,M^), 

a.e. in As before we arrive at the conclusion that u is a solution of (1.8) for 
some Ai,..., Afc G M. We can als o sup pose that one of these parameters, say Ai, 
is strictly negative. Thus, Lemma 3.9 implies that ui_„ —)■ ui strongly in 
If by contradiction uj^n 7 ^ Uj strongly in for some j, then Xj > 0, and 

by Lemma A.2 in 16 we deduce that Uj = 0. To complete the proof, we aim 
at showing that Ui ^ 0 for every i, and to do this it is necessary to substantially 
modify the argument used for Theorem o 
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We divide the set of indexes {1,..., /c} in two subsets: 

Ii := {i € {1,..., /c} : Ai < 0} and I 2 := G {1,..., fc} : > 0}. 

Notice that 1 G Ii, so that the cardinality of I 2 is at most fc — 1, and that the 
absurd assumption can be written as I 2 ^ 0- Up to a relabelling, we can suppose 
for the sake of simplicity that 

Ii := {1,..., to} and Z 2 := {to + 1,..., A:} 

for some 1 < m < k. By strong convergence (and by the maximum principle) 


-Aui - \iu^ = PijUiuj in 

in 


Ui > 0 
/b3 


ViGh, 


/b3 ’ 


while Mi = 0 for every i G l 2 - As in Lemma 4.7 this implies that (mi, ... ,Um) G 


where 


Kad ■= Sa, X • • • X Sa 


q p ' 

i-1 2,j = l 




Therefore 

(5.4) 


J(u) = J(ui,.. • ,0) > inf J. 


Notice that in the last term we used J to denote the functional associated to a 
TO components system, while in the previous terms J is used for the functional 
associated to the full k components system. This should not be a source of misun¬ 
derstanding. 

The value J(u) can also be characterized in a different way: by (5.3), strong 
L^-convergence, and recalling that (ui,..., Um) G we have also 


(5.5) 


1 f ^, 

d= lim J(u„)= lim - / 'V' 

n—^oo n^oo 5 ’ 

2,7 = 1 


n j,n 


1,4 = 1 


— T(mi , . . . Urn ,0, •■•,0) — '2(ll)' 


A comparison between (5.4) and (5.5) reveals that 
(5.6) d > inf J. 

'^rad 

To find a contradiction, we shall provide an estimate from above on d, an estimate 
from below on inf^ii J, and show that these are not compatible with (5.6). 


Upper estimate on d. First of all, we state the extension of Lemma 4.1 


Lemma 5.2. For every u G Sa^ x • • • x Sa^, there exists a unique Su G K such that 
(su*(m,ii)) G Urad- Moreover, Su is the unique critical point o/4'u(s) := J(sxu), 
which is a strict maximum. 


We shall now prove two variational characterizations for d. 
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Lemma 5.3. It results that 

where 


d = inf J, 

Kad 


{ k fc I 

UGSa,X---xSa,: [ = 

Jm3 ^ 4 J 


Proof. This can be done arguing as in the proof of Theorem |1.2[ Firstly, we intro¬ 
duce the sets 

A+ := { u S A : Mi > 0 a.e. in for every i} 

and 

:= {u e C : Ui > 0 a.e. in for every i} , 
where A and C have been defined in Lemma 5.1 and (5.2), respectively. Slightly 
modifying the proof of Lemma 4.6 one can check that A+ and C'^ are connected 
by arcs, so that for any u G A~^ and u' G C~^ it results that 

d = inf max J(j(t)), 

7 Gr(u,u')tG[ 0 . 1 ] 

where 

r(u, u') := {7 e C([0, l],Sa, X ■■■ X SaJ : 7 ( 0 ) = u, 7 ( 1 ) = u'} . 

As in the conclusion of the proof of Theorem |1.2[ from this it follows that 

(5.7) 


d < inf J. 


We have to check that also the reverse inequality holds. To this aim, we claim that 

(5.8) for any path 7 from A"*" to C'^ there exists t G (0,1) such that ^{t) G Vrad- 
Once that the claim is proved, it is possible to observe that for any such 7 

inf J < J( 7 (t)) < niax J( 7 (t)), 

Fad iG[0.l] 

and taking the infimum over all the admissible 7 from A'^ to C~^, we deduce that 

inf J < d, 

Fad 


which together with (5.7) completes the proof. Thus, it remains only to verify claim 

(5.8). Notice that 

u e Vrad G(u) = 0, 

where G has been defined in (5.1). There we showed that G(u) > 0 for every u € A. 
Moreover, J(u) < 0 for every u G G"*", which directly implies 

G(u) < — < 0 for all u S G. 

Thus, by continuity, for any u G A+, any u' G G+, and any 7 G r(u, u'), there 
exists t G (0, 1) such that G{^{t)) = 0, which proves the claim. □ 

We introduce a Rayleigh-type quotient as 

8(/M3Etl|VR.| 


7^(u) := 


(/r3 


2 • 
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Lemma 5.4. There holds that 


d = inf J = inf TZ. 

Kad SajX---XSa^ 


Proof. If u e K-ad, then 

|2 


4 43Eti|V». 


= 1 


1 [ . ^. 

and J(mi, ... ,Mfc) = - / |Vitjp. 


Therefore 




^ 4L3Sti|V^.P 


= 7^(u), 


which proves that mfy^^j J > infg^^ x-.-xSa^ the other hand, it is not difficult 

to check that 

TZ{s ★ u) = 7^(u) for all s € M, u e Sa^ x • • • x Sa^. 

By Lemma [5^ we conclude that 

7^(u) = TZ{su * u) = J(su * u) > inf J 

Urad 

for every u S Sa^ x • • • x Sa^ ■ □ 

The previous characterization makes it possible to derive an upper bound on d. 
Lemma 5.5. With Cq and Ci defined in \2.2\ , there holds 

CoC^{E.a^)^ 


d< 


8 (E*.j Atonal) 


Proof. By Lemma 5.4 we have 

d <Tl ^laai.Co/af I ■ ■ ■ ) '^ak,Co/al^ ) 

where we recall that Wa,fi has been defined in Proposition 2.2 Using the explicit 
expression of rCai.Co/a^) compute 


2 2 _ 

, '^ai,Co/af'^aj,Co/o2 ~ xi2 


Wn = 


of of Cl 


0 


■ 


Recalling also (2.6) and (2.7), we deduce that 


n 


{f^ai,Co/a\^ • • ■ I '^ak,Co/al^ 


E 


Cia? 

Cn 


CqCi (Yj af 


/3b«f a|) 

Un 


and the lemma follows. 


□ 
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Lower estimate for inf-^^xi J. Recall that we supposed, for the sake of simplicity, 


that Zi = {1,..., to} for some 1 < m < k. Let us introduce 

8(/.. 


^Xi (^1; • ■ ■ ; ^m) ■ 


27 


(/r3 J2Z=i 


Exactly as in Lemma |5.4[ one can prove that 


(5.9) 


Lemma 5.6. 


inf J = inf TZi.. 


Kt 


So,-. X---XSa 


inf J > 


Proof. We recall that 


CoCi 


TO — 1 




l<j <m 


TO 


ro 1/2 1/2^ 

max a- | 


X] - 


TO — 1 


^i=i 


for all TO S N, Xi,..., Xm > 0. 


Thus, by the Young’s and the Gagliardo-Nirenberg’s inequalities we have 


E //«“W<Ew 


ui=i ■ 


Li=i 


< 5 X] 


bi=i 


'B3 


IVWil 


|Vmj 


< s 


< s 


max |Vm* 

l<J<m ^ 


+ ,max {AjV^}E(/ 


Tfi — 1 

max {Pjja,} + —— iriax 

l<j<m Tfi 


|Vuj| 


E / 


for every (ui,... ,Mm) G 5'oi x • • • x S'a,„. Thanks to the characterization of S' in 
terms of Co and Ci, Lemma 2.4 and the definition of TZi^, we deduce that 

CoCi 


inf 7?.ij > 

Sai X---XSa,m 


r p ^ ^ ra 1/2 i/2i 

max IP,-TO, I H-max {pi,a/ a/ | 

l</<m ■'J 771 ® ^ 


and the desired result follows (recall also (|5.9|)). 


□ 


Before proceeding with the conclusion of the proof, we observe that, as for sys¬ 
tems with 2 components, the ground state radial level coincides with the ground 
state level in the all space, in the following sense. 
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Lemma 5.7. There holds that 


inf J = inf J 

U I4ad 


where 

(5.10) 


1" := {u e Ta 


•XT,, :G(u)=0}. 


Proof. The proof relies on Lemma 5.2 which also holds when u G Ta^ x • • • x T^ 


and follows the line of the proof of Lemma 4.9 


□ 


Conclusion of the proof of Theorem 1.5 We want to show that, under assumption 

CoGi 


(1.10), inequality (5.6) cannot be satisfied. If 

3 


(5.11) 


CoC, (Elia? 


< 


2 2 
a, a. 




max {/3jyaj} + 


m — 1 


l<j<m TTl 


ro 1/2 1/2^ 

max {Pijaf a- | 


then by Lemm as |5.5 5.6 and 5.7 the theorem follows. A condition which implies 
the validity of (5.11), and hence of the theorem, is assumption (1.10). □ 


Remark 5.8. We emphasize the main difference between the concluding arguments 
in Theorem 11.21 and 11.51 In the former case to obtain a contradiction one has to 
compare the value d with two fixed quantities £(ai,pi) and ^(a 2 jM 2 ): which do 
not depend on /3; on one side, argueing by contradiction one has d = £{ai, pi) for 
some i; on the other hand, we have seen that it is sufficient to take /3 very large to 
have d < min{^(ai,/ii), £( 02 ,/i 2 )}, which gives a contradiction. For systems with 
many components the situation is much more involved: the crucial equality for 
Theorem 1 1.5| is ( |5.6| ), which involves two quantities both depending on the coupling 
parameters. It would be tenting to think that the natural assumption in Theorem 
is I3ij > $ for every i ^ j. But if we make some fitj too large, than both the sides 


1.5 


in (5.6) becomes very small, and without any condition on the other parameters 
(/3ij and a^) it seems hard to obtain a contradiction. Notice also that we do not 
have any control on the set Ti, which makes the problem even more involved and 
imposes an assumption involving all the possible choices of Ti. 


For all these reasons we think that condition (1.10), which seems strange at a 
first glance, is not so unnatural. 

6. Orbital stability 


This section is devoted to the proof of Theorem |1.8[ and we focus on a general 
k components system. Let (Ai,..., A^, rti,..., Uk) be the solution of (1.8) found in 


Theorem 1.5 


recall that V := {u S T^ 


The crucial fact is that, by Lemma 5.7 J(u) = infy J, where we 

X 


■■ xTa^ : G(u) = 0}, with 


G(u)= / V|Vu.p-- / ^ 


B3 


2 2 


ij=l 


The dynamics of (1.11) takes place in By using similar arguments as 


in the proof of Lemmas 4.9 and 5.7 with {u*,v*) replaced by (|M|,|n|), one can 
show that 


inf J = inf J 
Vc 











































NORMALIZED SOLUTIONS 


29 


where 

yc:={ueTf^ x-.-xTf^ :G(u) = 0}, 


and 



defined for f > 0. Notice that gu{t) = J(logtxu). It is clear that for any u G 
there exists a unique critical point tu > 0 for g^, which is a strict 
maximum, and that logtu * u € Vc- Moreover, the function is concave in 
(tu, +Oo). 

Lemma 6.1. Let d := inf{ J(u) : u G Vc}- Then 

G(u) <0 G(u) < J(u) - d. 

Proof. By a direct computation G(u) = 3^(1). Thus, the condition G(u) < 0 
implies that tu < Ij and t/u is concave in (t^, +oo). As a consequence, 

gu(l) > ffu(iu) + (1 - iu)5u(l) > gu{tu) + G(u) >d + G(u), 

and since (j'u(l) = J{^) the thesis follows. □ 


Conclusion of the proof of Theorem \1.5\ Let Ug := s * u. Since u G Vc, it follows 
that G(us) < 0 for every s > 0. Let = (<i)f,..., $|) be the solution of system 
(1.11) with initial datum Ug, defined on the maximal interval By 

continuity, provided |t| is sufficiently small we have G($®(t)) < 0. Therefore, by 
Lemma 6.1 and recalling that the energy is conserved along trajectories of ( |TtT| ), 
we have 

G($"(t)) < J(«>"(t)) -d= J(ug) -d=:-S<0 

for any such t, and by continuity again we infer that G($®(t)) < —6 for every 
t G (Tmin, Tjuax)- To obtain a contradiction, we recall that the virial identity (see 
Proposition 6.5.1 in 10 for the identity associated to the scalar equation; dealing 


with a gradient-type system, the computations are very similar) establishes that 

P k 

/"(<) = 8G($®(t)) <-8(5 < 0 for f,{t) ■.= j V x)p dx 

i=i 

and as a consequence 

0 < fsit) < -5t^ P 0{t) for all t G T^ax)- 


Since the right hand side becomes negative for |t| sufficiently large, it is necessary 
that both Tmin and Tmax are bounded. This proves that, for a sequence of ini¬ 
tial data arbitrarily close to ti, we have blow-up in finite time, implying orbital 
instability. □ 
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